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Abstrat
A general geometrial sheme is presented for the onstrution of novel lassial gravity theories
whose solutions obey two-sided bounds on the setional urvatures along ertain subvarieties of the
Grassmannian of two-planes. The motivation to study setional urvature bounds omes from their
equivalene to bounds on the aeleration between nearby geodesis. A universal `minimal length'
sale is a neessary ingredient of the onstrution, and an appliation of the kinematial framework
to stati, spherially symmetri spaetimes shows drasti dierenes to the Shwarzshild solution
of general relativity by the exlusion of spaelike singularities.
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I. INTRODUCTION
The history of modiations of Einstein's theory of gravity is a long and winding one,
and its beginnings almost date bak to the publiation of general relativity itself [1, 2, 3, 4℄.
A main motivation for all proposed modiations of general relativity omes from the fat
that the spaetime solutions of this theory, even in simple ases, may ontain urvature
singularities. The existene of suh solutions reates problems, both mathematial and
physial; a famous example is the blak hole information paradoxon whih seems to make it
impossible to reonile general relativity with quantum mehanis [5℄. The solution of these
problems is usually postponed to an unforeseeable future with the laim that a quantum
theory of gravity would smooth out the singularities. It is indeed sensible to expet a
radially altered short distane behaviour in quantum gravity and string theory, and this
beomes apparent, respetively, in the quantisation of the area or volume operators in loop
quantum gravity, or in the appearane of higher order urvature orretions to the Einstein-
Hilbert ation in string theory, see e.g. [6, 7℄. But postponing the solution of existing
lassial problems to a future quantum theory means aepting to quantise the already
`problematial' lassial theory. It might well be the ase that this auses unneessary
additional diulties. For this reason alone, it is worthwhile to hange the perspetive and
to reverse the proedure: try to improve on lassial general relativity before quantising it.
Modied theories of gravity should onform to a number of riteria, of whih the most
important ones are that they should redue to general relativity in a limit that overs the
range of observations and they should not ontain ghost poles. In the onstrution of suh
theories, one an essentially embark on two dierent routes. The rst is to hange the stage,
i.e., to enrih or alter the geometrial struture of the spaetime manifold; examples falling
into this ategory are theories with non-vanishing torsion, like Einstein-Cartan theory, e.g.
[8℄, or those based on a non-symmetri metri, e.g. [9℄. The seond possibility is to provide
a new sreenplay, i.e., to hange the dynamis of the gravitational eld. This happens,
for example, in string theory whih provides higher order orretions to the Einstein-Hilbert
ation while retaining the Lorentzian struture of the spaetime manifold. The standard way
of proeeding, in either ase, is to formulate a onsistent new ation priniple and to hope
that the solutions of the orresponding equations of motion have nier properties than the
solutions to Einstein's theory. Suh onstrutions, however, an be at best eduated guesses,
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beause underlying geometrial onepts, whih are of utmost importane in any theory of
gravity, are very hard, or even impossible, to identify. In this artile, the programme is
a dierent one. Our starting point is the physial notion of aelerations between nearby
geodesis, and we will investigate the possibility to plae bounds on these aelerations. The
kinematial struture of these bounds will be analysed and the results will be used for the
onstrution of novel gravity theories. In onsequene, all solutions of these theories will
obey the aeleration bounds. It is lear that this might not be enough to get rid of all
urvature singularities, but, in any ase, this is an important rst step of improvement on
lassial general relativity.
Throughout this artile, we use the geometrial setting of a d-dimensional torsion-free
manifold (M, g) with a symmetri metri g and the ompatible metri onnetion ∇ whih
satises ∇g = 0. Consider a ongruene X of anely parameterised geodesis suh that
∇XX = 0 and a onneting vetor eld Y with [X, Y ] = 0. Then the aeleration, in the
diretion Y , between nearby geodesis of the ongruene X is measured by the geodesi
deviation equation, or Jaobi equation,
∇X∇XY = R(X, Y )X , (1)
where R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z denes the Riemann tensor for all vetor
elds X, Y, Z. The projetion of the above aeleration onto the onneting vetor Y is
given by the Riemann-Christoel tensor, whih arries all its indies downstairs, sine
g(∇X∇XY, Y ) = g(R(X, Y )X, Y ) = R(X, Y,X, Y ) . (2)
In order to plae a bound on this physially meaningful quantity, we have to normalise the
expression. There are essentially two ways of doing so. The rst is simply to divide out
the squared lengths of the vetors X and Y , i.e., to normalise by g(X,X)g(Y, Y ). Another
possibility is to divide by the square of the area of the parallelogram spanned by X and Y ,
i.e., by g(X,X)g(Y, Y ) − g(X, Y )2. It is the latter possibility that we will hoose beause
it relates the projetion of the geodesi deviation aeleration to the onept of setional
urvatures of the manifold.
We will onsider the kinematis of bounded setional urvatures, in Riemannian and
Lorentzian geometries in turn, in setions IIA and IIB. In setion III, we will devise
gravitational dynamis that automatially enfore these bounds for all solutions of the grav-
itational eld equations. The ruial requirement that the theory should be free of ghosts
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narrows down the admissible gravitational ations to those with a Dira-Born-Infeld invari-
ane group, as will be explained in setion IV. Highly interesting appliations of the new
framework, espeially to the ase of stati, spherially symmetri spaetimes, will be derived
in setion V. There, we will nd that the kinematis of bounded setional urvatures imply
drasti hanges in the spaetime struture in omparison to the Shwarzshild solution. In
partiular, spaelike singularities will be exluded. We onlude with a disussion in setion
VI.
II. KINEMATICS OF BOUNDED SECTIONAL CURVATURES
A. Riemannian Geometry
Consider a d-dimensional Riemannian spaetime (M, g) with a symmetri positive denite
metri g. The setional urvature Sp(X, Y ) at a point p ∈M with respet to a plane spanned
by two vetors X, Y ∈ TpM is the total urvature of the two-surfae of geodesis through p
and tangent to that plane. It is indued from the Riemann-Christoel tensor by
Sp(X, Y ) ≡ R(X, Y,X, Y )
G(X, Y,X, Y )
, (3)
where the tensor G : (TpM)
4 → R is dened by
G(X, Y, Z,W ) ≡ g(X,Z)g(Y,W )− g(X,W )g(Z, Y ) . (4)
Note that G(X, Y,X, Y ) is the squared area of the parallelogram formed by X and Y , so that
the setional urvature Sp(X, Y ) determines exatly the normalised value of the projetion of
the geodesi deviation aeleration on the onneting vetor, as it has been disussed in the
introdution. The tensor G has the same symmetry properties as the Riemann-Christoel
tensor and the squared parallelogram area G(X, Y,X, Y ) is always positive as long as X and
Y are linearly independent. For later use, we dene the set
Wp ≡
{
(X, Y ) ∈ (TpM)2 |X, Y linearly independent
}
. (5)
The setional urvature is a funtion on the Grassmannian of two-planes at the point p,
i.e., Sp : G2(TpM) → R. This follows from the fat that, under a non-singular hange of
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basis from X, Y to X ′, Y ′, aording to
X ′ = aX + bY , (6a)
Y ′ = cX + dY , (6b)
whih is a GL(2,R)-transformation with non-vanishing determinant (ad − bc) 6= 0, both
R(X, Y,X, Y ) and G(X, Y,X, Y ) are multiplied by the same positive fator (ad − bc)2.
Thus, the value of the ratio Sp(X
′, Y ′) = Sp(X, Y ) stays unhanged. The Grassman-
nian G2(TpM) an be understood as the set of pairs of linearly independent vetors Wp
with its elements identied under the equivalene relation of a GL(2,R) basis hange,
G2(TpM) ∼= Wp/GL(2,R). Note that the Grassmannian is not a vetor spae, but a va-
riety. We will explain in setion IIB why this is a point of ruial importane when studying
Lorentzian manifolds. A further important fat is that all setional urvatures at a point p
determine the Riemann tensor there uniquely [10℄.
Now we establish a bound on the absolute value of all setional urvatures and require
|S(X, Y )| ≤ λ−1 (7)
for all linearly independent (X, Y ) ∈ Wp and for all p ∈M (dropping the subsript p). The
onstant λ has the dimension length squared. Therefore, any theory of gravity realising
suh a bound would involve a fundamental, very short length sale at whih onsiderable
dierenes to known gravity solutions ould be expeted. The requirement of bounded
setional urvature an be rewritten in the form
H
±[ab]
[cd]X[aYb]X
[cY d] ≥ 0 . (8)
This ondition has to be satised for both signs, whih arise from the removal of the absolute
value, and the H± are dened by
H
±[ab]
[cd] = δ
[ab]
[cd] ± R[ab][cd] , (9)
where δ arises from G by raising two indies. The H± are linear maps H± : (TpM)
⊗2 →∧2 TpM . Due to the symmetries of G and R, they map any two-tensor into an antisym-
metri two-tensor. For the disussion of the ondition on the setional urvatures, how-
ever, we an restrit H± to endomorphisms of antisymmetri two-tensors and onsider
H± ∈ End(∧2 TpM). The endomorphism δ simply beomes the identity on ∧2 TpM .
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We need another denition. An element Ω ∈ ∧2 TpM is alled simple, if it an be
deomposed as Ω = X ∧ Y for X, Y ∈ TpM . We write
Qp ≡
{
Ω ∈
∧2
TpM |Ω simple
}
. (10)
Any element of
∧2 TpM an be written as a sum of simple elements beause the basis
elements of this spae an be hosen to be simple. This allows us to onsider the tensor G,
dened in (4), as a map G : (
∧2 TpM)2 → R by using the identiation G(X ∧Y, Z ∧W ) =
G(X, Y, Z,W ).
The endomorphisms H± are symmetri with respet to G, i.e., G(Ω, H±Σ) = G(H±Ω,Σ)
for all Ω,Σ ∈ ∧2 TpM . Therefore, the H± are diagonalisable with real eigenvalues by an
orthogonal transformation S ∈ O(dim(∧2 TpM)) whih satises G(SΩ,SΣ) = G(Ω,Σ).
This implies that there exists an orthonormal basis {ΩI |G(ΩI ,ΩJ ) = δIJ} in
∧2 TpM of
ommon eigenvetors of H+ and H− (or, more preisely, of R) with H±ΩI = µ
±
I ΩI . In terms
of this basis, we may write any plane as a linear ombination, X ∧ Y =∑I aIΩI . From (8),
the bound on the setional urvatures then is seen to be equivalent to
G(X ∧ Y,H±(X ∧ Y )) =
∑
I
a2Iµ
±
I ≥ 0 (11)
for all (X, Y ) ∈ Wp and all points of the spaetime manifold. This is satised if, and only if,
the eigenvalues µ±I are non-negative, µ
±
I ≥ 0. Note that this is a fully ovariant requirement
beause the harateristi polynomials of H±, and hene their eigenvalue equations
det
(
µδ −H±) = 0 , (12)
are dieomorphism-invariant. Hene, the following holds:
An upper bound (7) on the absolute value of all setional urvatures of a Riemannian
manifold is equivalent to the requirements that
(i) the endomorphisms H± ∈ End(∧2 TpM) dened in (9) should be diagonalis-
able by an element S of the loal orthogonal group O(dim(∧2 TpM)), where
dim(
∧2 TpM) = d(d− 1)/2, suh that S−1H±S = diag(µ±I ) , and
(ii) H± should have non-negative eigenvalues µ±I ≥ 0.
The rst requirement is, of ourse, redundant in the Riemannian setting. But the formulation
used above lends itself muh better to a generalisation to the Lorentzian ase than the simpler
statement that H± should be positive semi-denite.
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B. Lorentzian Geometry
In the Lorentzian ase, the spaetime metri is indenite with signature (1, d− 1). Con-
sequently, the squared area G(X, Y,X, Y ) in the denition of setional urvature in (3)
may have either sign or even vanish. Aordingly, a plane spanned by the basis vetors
X, Y ∈ TpM is alled timelike when G(X, Y,X, Y ) < 0, spaelike for G(X, Y,X, Y ) > 0
and null for G(X, Y,X, Y ) = 0. Although the setional urvature thus is only dened on
non-null planes, the knowledge of it on all these planes still determines the Riemann tensor
uniquely.
Bounding the setional urvatures on all non-null planes by ondition (7) is equivalent to
requiring that
G(X ∧ Y,H±(X ∧ Y )) ≥ 0 for G(X ∧ Y,X ∧ Y ) > 0 , (13a)
G(X ∧ Y,H±(X ∧ Y )) ≤ 0 for G(X ∧ Y,X ∧ Y ) < 0 (13b)
for all (X, Y ) ∈ Wp and for all p ∈ M . Again these onditions have to be satised for
both signs. Now omes an important point! While in the Riemannian ase a large lass of
manifolds possesses bounded setional urvatures, it turns out that imposing suh bounds
in the Lorentzian ase is extremely restritive: on null planes, the Riemann urvature has
to vanish, R(X, Y,X, Y ) = 0. Otherwise the setional urvature ould not be bounded for
nearby planes [11℄. But then it follows that the setional urvature at any given point of the
manifold has the same value for every non-null plane [12℄; hene, the whole manifold is one
of onstant urvature [13℄. Clearly, this is not desirable for a theory of gravity as it ould
never over a large enough range of solutions! These arguments show that a theory of gravity
on a Lorentzian spaetime manifold annot have bounds on all setional urvatures. But
the same onlusion, that the manifold has onstant urvature, already follows from ertain
weaker assumptions, namely from bounds on either all timelike or all spaelike planes, or
from either an upper or a lower bound on all non-null planes [13, 14, 15℄.
Thus, in order to avoid these rigidity theorems, a less restritive ondition has to be
devised. Suh a ondition amounts to a seletion of planes for whih the setional urvatures
should be bounded. Observe that the above restrition of the setional urvature map
S : G2(TpM) → R to all non-null (timelike, spaelike) planes in the Grassmannian variety
G2(TpM) is not a natural one from the point of view of algebrai geometry, as these sets are
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subsets but not subvarieties of G2(TpM). A homomorphism between varieties, however, an
only be sensibly restrited to subvarieties. In the following, we will therefore identify the
maximal subvariety ontained in the set of timelike (spaelike) planes and only onstrain the
setional urvature for these planes. More preisely, onsider the vetor spae
∧2 TpM whih
has already played an important rle in the Riemannian onstrution. Not all elements Ω
of that spae desribe planes, but only the simple ones, Ω ∈ Qp. Eah plane orresponds
to a pair of linearly independent basis vetors, i.e., to an element of Wp. But Wp/SL(2,R)
is isomorphi to Qp \ {0} via (X, Y ) 7→ X ∧ Y . So Qp additionally ontains a degenerate
plane for whih X beomes parallel to Y . The set of planes Qp forms a variety embedded
in the vetor spae
∧2 TpM , for its elements satisfy the polynomial equation Ω ∧ Ω = 0,
ompare e.g. [16℄. (If the length of the basis vetors is projeted out, one gets the Plüker
embedding G2(TpM) →֒ P(
∧2 TpM).) A mathematially well-motivated subset of planes,
on whih one might hope to ahieve bounded setional urvatures in Lorentzian manifolds,
therefore, should be a subvariety of the set of all planes Qp and not, for instane, the subset
of all timelike planes whih is not a subvariety sine G(X, Y,X, Y ) < 0 is not a polynomial
equation.
We return to the onditions (13) for bounded setional urvature on all non-null planes.
The set of timelike planes for whih the onditions hold an be written as the intersetion
Qp ∩
{
Ω ∈
∧2
TpM |G(Ω,Ω) < 0, G(Ω, H±Ω) ≤ 0
}
, (14)
and in an analogous form with reversed relations for the spaelike planes. This set is not a
subvariety of Qp, as it is not dened by additional polynomial equations. But into it, we an
embed a `maximal subvariety' by onstruting the vetor spae of maximal dimension whih
an be embedded into the set in urly brakets. The intersetion of suh a linear subspae
with Qp is then the desired subvariety. We show now that this vetor spae an be found, in
the present Lorentzian ase, by requiring the onditions (i) and (ii) on the endomorphisms
H± whih we have established in the Riemannian ase.
By (i), the endomorphisms H± should be diagonalisable by the loal orthogonal group
whih is now O(d − 1, (d − 1)(d − 2)/2). This requirement is non-trivial in the Lorentzian
ase: the H± are still symmetri, but now with respet to an indenite metri, whih does
not guarantee diagonalisability. Requiring diagonalisability, now, implies the existene of an
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orthonormal basis
{ΩI ,ΩI˜ | I = 1 ... (d− 1), I˜ = 1 ... (d− 1)(d− 2)/2} (15)
of
∧2 TpM with G(ΩI ,ΩJ) = −δIJ , G(ΩI˜ ,ΩJ˜) = δI˜ J˜ and G(ΩI ,ΩJ˜) = 0 whih onsists of
ommon eigenvetors of H± with orresponding eigenvalues {µ±I , µ±I˜ }. And by (ii), these
eigenvalues µ±I and µ
±
I˜
should be non-negative.
Both these requirements together imply that the linear span of timelike eigenvetors
〈ΩI | I = 1 ... (d− 1)〉 (16)
is the sought-for highest-dimensional linear subspae of
∧2 TpM whih an be embedded
into the set in urly brakets appearing in equation (14). This is most easily seen from the
deomposition Ω =
∑
I aIΩI +
∑
I˜ aI˜ΩI˜ , whih gives
G(Ω, H±Ω) = −
∑
I
a2Iµ
±
I +
∑
I˜
a2
I˜
µ±
I˜
. (17)
For elements Ω of the linear span (16) of the time-like eigenvetors, the above expression
is learly negative. Another basis vetor that ould be added to enlarge the dimension of
this vetor spae would neessarily be spaelike, so that the augmented spae ould not be
properly embedded anymore. An analogous argument where the spaelike eigenvetors ΩI˜
replae the timelike eigenvetors ΩI holds for the ase of the spaelike planes. Thus we have
shown the following.
On a Lorentzian manifold, the requirements (i) and (ii) on the endomorphisms H±, as
formulated at the end of the preeding subsetion, imply bounds on the setional urvatures
of ertain subvarieties of the variety Q of all planes in ∧2 TM . In terms of the ommon
eigenvetor basis {ΩI ,ΩI˜} of H±, these subvarieties are given by the timelike planes in
〈ΩI〉 ∩ Q and by the spaelike planes in
〈
ΩI˜
〉 ∩ Q.
Note that this mehanism of hoosing the planes of bounded setional urvature is a dy-
namial one, as it is the Riemann tensor (of partiular spaetime solutions) that determines
the eigenvetors of the endomorphisms H±. This onstrution, bounding the setional ur-
vatures on ertain subvarieties of the variety of all planes hene allows to irumvent the
rigidity theorems obtained by Nomizu and others.
9
III. GRAVITATIONAL DYNAMICS
We have now established algebrai onditions that allow plaing sensible bounds on the
setional urvatures along ertain planes. But how does one implement that solutions of
gravitational equations, yet to be devised, automatially give rise to non-negative eigenvalues
for the endomorphisms H±? A fairly general answer to this question is to use, in the
equations of motion, absolutely onverging power series in the Riemann tensor that onverge
on a domain with non-negative eigenvalues. For deniteness, onsider the square roots
√
H±
A
B =
√
δ ± λRAB , (18)
where we use the Petrov notation for indies of
∧2 TpM . The index A ∼ [ab] may take
d(d−1)/2 values and orresponds to a pair of antisymmetrised indies of TpM . If the above
expressions appear in the equations of motion, then any diagonalisable solution will fore the
eigenvalues of H± to be real and non-negative. Otherwise the solution will beome omplex.
It is very onvenient, for a number of reasons, to derive the gravitational dynamis from
an ation priniple. Not only does this allow to hek easily whether the modied theory
of gravity is onsistent with Einstein's theory in a ertain limit, whih is suient for its
ompatibility with experiment, it also simplies the disussion and exlusion of ghosts.
Gravitational ghosts are modes of negative kineti energy in a perturbative expansion of the
metri around the Minkowski vauum. Ghosts appear whenever there are quadrati terms
in the urvature expansion of the ation; the only exeption from this rule is the quadrati
Gauss-Bonnet ombination
√−g (R2 − 4R2ab +R2abcd) , (19)
whih is a total derivative in four dimensions, and for whih, also in higher dimensions, the
kineti terms of the perturbative expansion anel.
As a onsequene of the kinematial onstrution above, the Lagrangian for an ation
implying partially bounded setional urvatures should be onstruted from a power series∑∞
n=0 an(λR)
nA
B with the desired nite onvergene radius to enfore non-negative eigen-
values for H±. Furthermore, the theory should be ghost-free. It is natural to use the
same power series for H+ and H−, i.e., for ±λ, in onstruting the dynamis. Hene, the
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Lagrangian should be built from the expression
∞∑
n=0
an(λR)
nA
B −
∞∑
n=0
an(−λR)nAB , (20)
where the minus sign between the sums is ditated by the requirement of ghost-freedom.
This is the only possible way to ahieve ghost-freedom in the proposed setup: ontrations
of the Riemann tensor in Petrov notation an never yield the Rii tensor whih appears
in the Gauss-Bonnet term. Note that the anellation of the ghosts automatially kills an
otherwise possible osmologial onstant term whih, however, ould again be inluded by
hand without inonsisteny. Beause of their absolute onvergene, the two series may be
rearranged, and they ollapse to
∞∑
n=0
a2n+1(λR)
(2n+1)A
B = a1λR
A
B +O(λ3) . (21)
The simplest way to build a salar ation from the above expression is to at on it with the
linear integral-trae funtional, to obtain∫ √−g Tr∑
n odd
an(λR)
nA
B . (22)
This is then seen to be a diret generalisation of Einstein's theory, where a2n+1 = 0 for n > 0.
So one partiular ation whose solutions by onstrution have bounded setional urvature
(on all planes in the Riemannian ase, and on ertain subvarieties in the Lorentzian ase)
ould be taken as
S
example
=
1
λ
∫ √−g Tr(√H+AB −√H−AB) . (23)
The equations of motion are derived in the usual manner by variation with respet to the
spaetime metri gab: they present a system of fourth-order partial dierential equations.
In the limit λ→ 0, this ation reprodues the Einstein-Hilbert ation up to a onstant that
an be divided out. The same limit simplies the equations of motion to yield Einstein's
vauum equations Rab − 12Rgab = 0.
Although the ation (22) appears to be the mathematially most straightforward one,
we ould have made several alternative hoies in the onstrution. Another obvious hoie
would have been to take a determinant instead of a trae. It is also possible rst to make
salars out of the power series for ±λ and then to subtrat. This would lead, for instane,
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to the ation ∫ √−g (det√H+ − det√H−) . (24)
The rst part of this expression is almost of the form as has been onsidered in [17℄. There
are, however, two important dierenes here. Firstly, the inlusion of the seond term
bounds the value of the setional urvatures (on the planes that an be linearly ombined
solely from spaelike or timelike eigenvetors of H±) additionally from below, and, notably,
this removes the ghosts as well. Seondly, it is important to take the square root of the
matrix rst and then the determinant, beause this is what onstrains the eigenvalues of H±
when only real solutions are onsidered.
IV. DIRAC-BORN-INFELD INVARIANCE
Our onstrution of gravity theories with partially bounded setional urvatures features
a fundamental length sale, appearing in the onstant λ whih has the dimension length
squared. Hene, one expets that gravitational dynamis respeting that sale should lead
to solutions very dierent from those of general relativity, espeially on sales whih are
small ompared to
√
λ . Suh a ruial hange in the short distane behaviour should also
be mirrored in strutural dierenes. To show that this is indeed the ase, we need to briey
review the kinematis assoiated to Dira-Born-Infeld theory.
The singularities of Maxwell eletrodynamis, most prominently the divergene of the
eletri eld energy density of a point harge, prompted Born and Infeld in [18℄ to devise
a nonlinear theory of eletrodynamis, whih regulates this divergene by the introdution
of a parameter λ of dimension length squared. In string theory, the orresponding ation
emerges [19℄ as the low energy eetive ation of a U(1) gauge eld A, with orresponding
eld strength F = dA, on a Dp-brane Σ,∫
Σ
√−g
√
det(δ + λF ) . (25)
This theory is manifestly invariant under worldvolume dieomorphisms of the (p + 1)-
dimensional Lorentzian manifold Σ, and hene possesses a loal O(1, p) Lorentz symmetry.
The feature of a nite length sale in (25), however, has profound strutural onsequenes.
Based on the observation that this ation only depends on even powers of the eletromag-
neti eld strength F , it has been shown in [20℄ that there is a hidden dynamial invariane,
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extending the loal invariane group to a produt group,
O(1, p) →֒ O(1, p)× O(1, p) , (26)
into whih the Lorentz symmetry group is diagonally embedded. An investigation of the
kinematial meaning of the produt group, ating on urves in the frame bundle, shows that
it ontains, apart from the standard Lorentz transformations, transformations to arbitrarily
rotating and aelerated frames, whose ovariant aeleration for non-rotating observers is
bounded by the inverse of the length sale, 1/
√
λ. As muh as the extension of the rota-
tion group O(3) to O(1, 3) aptures the dynamial symmetries of Maxwell theory due to
the existene of a fundamental speed, the extension (26) is implied by the existene of a
fundamental squared length sale λ in Dira-Born-Infeld theory. That the extended group
also aptures the regulation of Born-Infeld theory is further illustrated by the following fat:
if one denes partiles in quantum eld theory as the irreduible representations of a orre-
sponding doubling of the Poinare group, then every partile automatially is aompanied
by a Pauli-Villars regulating Weyl ghost [21℄.
These insights are intimately linked to the ndings of the present paper: in the previous
hapter, we have seen that the riterion of ghost-freedom for gravity theories with partially
bounded setional urvatures leads to ations of the type (22), to whih solely odd powers
of the Riemann tensor, viewed as an endomorphism on
∧2 TpM , ontribute. Hene one an
show in lose tehnial analogy to [20℄ that gravitational ghost-freedom an be understood
as singling out those theories that possess a hidden invariane (26). In turn, the extended
struture group O(1, p)× O(1, p) appears not only to apture the regulation of Born-Infeld
theory, but also the absene of ghosts there, and transfers this property to urvature regu-
lated gravity theories in our sense.
In summary, we arrive at the remarkable fat that ghost-free gravity theories with tidal
aeleration bounds, as onstruted in the preeding setions, automatially imply kinematis
that put an upper bound of the same value 1/
√
λ on ovariant aelerations as well.
These strutural insights justify the lassiation of the gravity theories presented in this
paper as of `Born-Infeld type'.
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V. SIMPLE APPLICATIONS
The appeal of the geometrial onstrution sheme presented here is the haraterisation
of a spaetime with partially bounded setional urvatures, and hene, partially bounded
geodesi deviation aelerations, by a simple algebrai property of the Riemann tensor: the
endomorphisms H± should be diagonalisable and have real non-negative eigenvalues. Even
without onsidering spei gravitational dynamis this has interesting onsequenes, valid
for the whole lass of theories onstruted here. Two appliations will be onsidered: for
asymptotially at, stati, spherially symmetri spaetimes we will show the non-existene
of spaelike singularities, and a disussion of pp-wave bakgrounds will illustrate some limi-
tations of the proposed sheme.
A. pp-Wave Spaetimes
The rst appliation onsiders pp-wave spaetimes (plane-fronted waves with parallel
rays) whih are dened by the existene of a ovariantly onstant null Killing vetor eld
∂/∂v. The line element an be written in the form
ds2 = −f(u, xi)du2 − 2dudv + dx · dx , (27)
and it an be shown that in these spaetimes all urvature invariants vanish [22℄. This holds,
in partiular, for the invariants
Tr
[
RnAB
]
, for n ∈ N , (28)
whih determine the eigenvalues of H± sine they appear as the oeients of the har-
ateristi polynomial in equation (12). For the pp-wave spaetimes, the eigenvalue equa-
tion beomes (µ − 1)d(d−1)/2 = 0, and so all eigenvalues equal µ = 1, as is the ase for
Minkowski spae. This also means that the Riemann tensor, although it is non-trivial, is
nilpotent. More expliitly, in four dimensions and in Petrov notation using the labelling
([uv], [ux1], [ux2], [vx1], [vx2], [x1x2]) ≡ (1, ... , 6), one nds the nonzero omponents
 R42 R43
R52 R
5
3

 = 1
2

 ∂2x1F ∂x1∂x2F
∂x1∂x2F ∂
2
x2F

 . (29)
This Riemann tensor is not diagonalisable by a loal O(3, 3) transformation, sine it does
not admit an eigenvetor basis for
∧2 TpM .
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But beause the Riemann tensor is nilpotent with R2AB = 0, the pp-waves are solutions
of any theory onstruted within our framework, as they solve Einsteins theory on the
remaining rst order level of the urvature expansion, ompare (22). The polarisation of the
waves may diverge and lead to `null-singularities'. These singularities appear in the tidal
fores given by the geodesi deviation equation and have been argued to be unavoidable in
any theory of gravity whose Lagrangian depends only on the metri, ovariant derivatives
and the Riemann tensor [23℄. In partiular, our onstrution does not esape that onlusion.
B. Stati Spherial Symmetry
The seond, partiularly nie example onsiders stati, spherially symmetri solutions
in four dimensions with a spaetime ansatz of the form
ds2 = −A(r)dt2 +B(r)dr2 + r2dΩ22 , (30)
where A and B are arbitrary funtions of the radial oordinate r and dΩ22 gives the standard
line element on the unit two-sphere.
Now we establish setional urvature bounds in the sense of setion IIB, by assuming
that the endomorphisms H±, whih are already diagonal in the adjoint basis indued by
the Shwarzshild oordinates, have non-negative eigenvalues. One of these eigenvalues is
algebrai in B. The orresponding ondition is
1± λ1− B(r)
r2B(r)
≥ 0 (31)
and implies that B is bounded from below for all r by the funtion B
low
(r) = λ/(λ + r2)
and from above, for r <
√
λ, by B
up
(r) = λ/(λ− r2). In partiular, this implies that B is
stritly positive everywhere and that B(0) = 1 with slope B′(0) = 0. An argument given in
[24℄ shows that suh behaviour of the funtion B is neessary in any theory of gravity on a
Lorentzian spaetime manifold that regulates the Shwarzshild singularity. The framework
presented here obviously passes this test.
When the gravitational equations of motion are onstruted from an ation priniple,
there is another impliit requirement to satisfy. The density
√−g = r2√AB in the integrand
is only well-dened when
A(r)B(r) ≥ 0 (32)
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everywhere. But as B(r) > 0 this shows A(r) ≥ 0.
Already at this point, we see that theories with partially bounded setional urvatures
show a ompletely dierent behaviour than does general relativity, where, by Birkho's the-
orem, the Shwarzshild solution is the unique stati, spherially symmetri and asymptoti-
ally at vauum solution, with A = B−1 = 1− 2m/r for a mass parameter m. For positive
mass m > 0, the Shwarzshild spaetime has a horizon at r = 2m, in whose interior A and
B beome negative. All timelike and null geodesis are trapped behind this horizon, and
there is a spaelike singularity at r = 0. In our theories with partially bounded setional
urvature, however, a hange of signs in the funtions A and B is forbidden. Hene, hyper-
surfaes of onstant r an never be spaelike, suh that spaelike singularities are exluded
from all possible solutions. (Singularities an only our at onstant radius due to spherial
symmetry.) This mehanism does not prevent the ourrene of timelike singularities or, as
seen previously, null singularities.
Horizons may still appear in solutions. To see this more expliitly onsider the spherially
symmetri spaetimes in whih the funtions A and B are nite for all r ≥ 0. When A > 0,
i.e., when A is stritly positive everywhere, nothing interesting happens. There are no
horizons and the spaetime is onformally equivalent to Minkowski spae. Now assume that
A vanishes at an isolated point, A(r0) = 0. In the usual manner, it is possible to introdue
null oordinates by setting
r˜(r) =
∫ r
dr′
(
B(r′)
A(r′)
)1/2
(33)
and dening u = t − r˜ and v = t + r˜, where u and v are onstant on outgoing or ingoing
radial null geodesis, respetively. These oordinates allow the ontinuation of the radial
null geodesis aross r = r0 beause it takes a nite ane parameter distane τ10 to reah
this hypersurfae from a point r1 > r0,
τ10 ∼
∫ r1
r0
dr (A(r)B(r))1/2 . (34)
This argument extends and shows the existene of a horizon at r = r0 whih, however, is
permeable from both sides. The Carter-Penrose diagram of the resulting spaetime is shown
in gure 1.
Finally, let us take a loser look at the planes on whih the setional urvatures are
bounded. We use the Petrov notation and the labelling ([tr], [tθ], [tφ], [θφ], [φr], [rθ]) =
(1, ... , 6). The six-vetors ZA = (Z1,Z2) that desribe planes then are those whih satisfy
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r = r 0
r 
=
 0
Figure 1: The Carter-Penrose diagram of stati, spherially symmetri, asymptotially at spae-
times with A,B nite and stritly positive everywhere on r ≥ 0 exept A(r0) = 0 demonstrates
the possibility of horizons in theories with partially bounded setional urvatures. Several asymp-
toti regions with their own future and past innities our. A few surfaes of onstant radius are
indiated.
Z1 · Z2 = 0. This follows from the hoie of basis X = (X0,X) and Y = (Y0,Y) whih
implies
ZA = (X0Y − Y0X,X×Y) . (35)
The endomorphisms H± are diagonal in the stati spherially symmetri example, as is the
tensor G : (
∧2 TpM)2 → R, for whih
GAB = diag
(−AB,−Ar2,−Ar2 sin2 θ, r4 sin2 θ, Br2 sin2 θ, Br2) . (36)
The timelike and spaelike eigenvetors of H± are ΩI = (eI , 0) and ΩI˜ = (0, eI˜), respetively.
The setional urvature is thus bounded on the subvarieties of all timelike planes desribed
by ZA = (Z, 0) with BZ21 + r
2(Z22 + sin
2 θZ23) = 1/A (where the Z
A
are normalised to avoid
overounting). More expliitly, these planes an be desribed by an orthonormal basis: given
any normalised timelike vetor X with g(X,X) = −1, we an alulate the seond, spaelike
basis vetor Y with g(Y, Y ) = 1 from (35). When X = (±1/√A, 0), we nd Y = (0,Y) for
any normalised three-vetor Y. For X0 6= ±1/
√
A, we nd Y = (Y0, X0X/Y0) where
Y0 = ±
√
AX20 − 1
A
. (37)
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All these planes are easily visualised: they ontain the loal time axis ∂/∂t. (This is obvious
in the rst ase with X0 = ±1/
√
A, while in the seond ase it follows from the fat that
X is parallel to Y = X0X/Y0.) A similar alulation for the spaelike planes shows that
among those with bounded setional urvature are the planes orthogonal to the loal time
axis, dened by dt = 0.
VI. DISCUSSION
In ontrast to past attempts to modify Einstein's theory of gravity, where the onse-
quenes of new ations, diering from the Einstein-Hilbert ation and proposed in a more
or less ad ho fashion, are analysed, this work has been based on lear-ut geometrial as-
sumptions. Motivated by bounds on the deviation aelerations between nearby geodesis,
we have investigated possible bounds on the setional urvatures of a spaetime, with the
aim of potentially improving on the singularity problems of lassial general relativity.
In the Riemannian ase, the setional urvatures may be bounded for all planes, whereas
on the physially relevant Lorentzian manifolds, the situation is more involved. Due to the
existene of strong rigidity theorems, ertain subsets of planes have to be hosen to avoid
trivial theories allowing for onstant urvature solutions only. A onsistent hoie of suh
subsets an be made by demanding that they should form subvarieties of the variety of all
possible planes through a given point.
We have shown that the bounds on the setional urvatures along maximal subvarieties
of the set of all planes an be reformulated in a nie algebrai way. The onditions for these
bounds translate into the requirement that ertain endomorphisms, whih are onstruted
from the Riemann tensor and at on the spae of antisymmetri two-tensors, should be
diagonalisable by the loal orthogonal group and should have non-negative eigenvalues. In
addition to these kinematial results, it has been shown that it is possible to onstrut ghost-
free gravity ations suh that the dynamial solutions of their orresponding equations of
motion automatially satisfy the setional urvature bounds. This is strong evidene that
there exist lassial gravity theories on Lorentzian manifolds that are better-behaved than
Einstein's theory.
The strengths and limitations of the kinematial framework onstruted here have been
illustrated by two instrutive examples. The expetation that a regulation, at least for
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some types of singularities, might be possible has been found justied. This expetation
emerged from the Dira-Born-Infeld struture of our theories and from earlier results in
[17℄, where ations similar to those obtained here had been investigated. In spherially
symmetri spaetimes in four dimensions, without even onsidering spei dynamis, it has
been shown that there annot be spaelike singularities, whih is a very strong result, as it
applies to the whole lass of urvature regulated theories in our sense. Another appliation
to pp-wave spaetimes explains why null singularities annot be removed in our theories.
A new fundamental length sale appears as an important ingredient in the onstrution.
We have shown that the appearane of the length sale here is intimately linked to its rle
in Dira-Born-Infeld theory [25℄. The ovariant aeleration of non-geodesi observers turns
out to be bounded by the same value that one hooses to impose on tidal aelerations. It
would be interesting to understand the thereby established relations to other theories with
fundamental length sales, suh as, for example, string theory or quantum gravity, whih
all predit modiations of general relativity. A study of exat, or numerial, solutions of
spei gravitational dynamis onstruted within our framework will allow to onstrain the
possible range for the length sale parameter from omparison with observations.
Our investigations here indiate the emergene of at least one further generi feature
besides the nite, fundamental length sale: the existene of urvature orretions to all
orders seems to be an essential ingredient in order to regulate gravity.
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